In this paper we determine the topology of threedimensional complete orientable Riemannian manifolds with a uniform lower bound of sectional curvature whose volume is sufficiently small.
Introduction
As a continuation of our investigation [7] of collapsing three-manifolds with a lower curvature bound and an upper diameter bound, we study the topology of a three-dimensional complete Riemannian manifold with a lower curvature bound whose volume is sufficiently small, where we assume no upper diameter bound.
A three-manifold is called a graph manifold if it is a locally finite gluing of Seifert fibered spaces along their boundary tori. Theorem 1.1. There exist small positive numbers ǫ 0 and δ 0 such that if an orientable three-manifold M has a complete Riemannian metric with sectional curvature K ≥ −1 and vol(M) < ǫ 0 , then one of the following holds:
(1) M is homeomorphic to a graph manifold;
(2) diam(M) < δ 0 and M has finite fundamental group.
It was shown in [7] that in the case of (2) in Theorem 1.1, M is homeomorphic to an Alexandrov space with nonnegative curvature. Theorem 1.1 determines the possible topological type of M if M has not so small diameter. In fact, from [3] , every three-dimensional graph manifold M has a complete Riemannian metric g ǫ with sectional curvature |K gǫ | ≤ 1, diam(M, g ǫ ) ≥ δ 0 and vol(M, g ǫ ) < ǫ for each ǫ > 0.
In the bounded curvature case, it follows essentially from [4] that if a three-manifold has a complete Riemannian metric with |K| ≤ 1 whose volume is sufficiently small, then it is a graph manifold.
The organization of this paper is as follows: In Section 2, using the main results in [7] we determine the topology of each local neighborhood in M and put some fiber structure on it. In Section 3, we first determine the topology of each piece of M which looks like onedimensional. Then we obtain a local S 1 -action on the part of M which looks like two-dimensional by a gluing argument, from which we have the structure of a graph manifold on M.
An announcement in Perelman's paper "Ricci flow with surgery on three-manifolds" has recently been come to our attention. He claims that if a three-manifold collapses under a "local" lower sectional curvature bound, then it is a graph manifold. The authors do not know his proof of the statement above, up to now.
Local topologies
First we shortly prepare a few basic materials on Alexandrov spaces with curvature bounded below. See [2] for details.
For an Alexandrov space X of dimension n with curvature bounded below, and for a small δ > 0, we denote by S δ (X) the δ-singular set, i.e., the set of points p ∈ X such that the space of directions Σ p has (n−1)-
In what follows, we are mainly concerned with the case n = 2.
Let ES(int X) denote the essential singular set of int X, i.e., the set of points p ∈ int X with radius rad(Σ p ) := min η∈Σp max ξ∈Σp d(ξ, η) ≤ π/2. Lemma 2.1. Let X be a two-dimensional complete Alexandrov space with curvature ≥ κ for some constant κ. Then for any p ∈ X, δ > 0 and D > 0, the number of elements of S δ (int X)∩B(p, D) has a uniform upper bound Const(κ, δ, D).
In particular we have
This follows from an argument similar to Corollary 14.3 of [7] , and hence the proof is omitted.
A local S 1 -action ψ on a three-manifold M consists of an open covering {U α } of M and a nontrivial S 1 -action ψ α on each U α such that both the actions ψ α and ψ β coincide up to orientation on the intersection U α ∩ U β . Let X := M/S 1 , and π : M → X be the projection. X is a topological two-manifold (see [6] for instance). Set
The fixed point set of ψ coincides with ∂ * X.
Lemma 2.2. If a three-manifold M admits a local S 1 -action, then it is a graph manifold.
Proof. For each component C of ∂ * X, take a small collar neighborhood E(C) of C in X. Then N(C) := π −1 (E(C)) is a solid torus. Setting
we have the decomposition
where C runs over all the components of ∂ * X. Since M 0 is a Seifert fibered space over X 0 , M is certainly a graph manifold.
In what follows, let M denote an orientable complete Riemannian manifold of dimension three satisfying The essential part of the case of dim X = 0 was proved in [5] . By Lemma 2.2, a three-manifold M satisfying one of the conclusions in Theorem 2.3 is a graph manifold except the case when M has finite fundamental group and dim X = 0. Thus Theorem 1.1 certainly holds in the bounded diameter case.
As a result of Theorem 2.3, we obtain some universal positive constants δ 0 and ǫ 0 such that if M satisfies diam(M) < δ 0 and vol(M) < ǫ 0 , then M is homeomorphic to one of the spaces in Theorem 2.3 (3). Therefore for the proof of Theorem 1.1, we may assume that M has large diameter, in particular
We now determine the topology of a local neighborhood of each point of M. We denote by B(A, r) or B(A, r; M) the closed r-ball around a subset A of M. (1) B p andB p are small perturbations of metric balls around p and,
Gromov-Hausdorff distance between B(p, 10) and B(x 0 , 10) is
The fiber structure on B p in (2) can be described as follows: Let π : B p →X p be the fiber projection, which satisfies that each fiber has diameter < τ (ǫ). Let
be defined as in (2.1).
(a) If ∂ * X p is empty, then B p is a Seifert bundle over X p , where there is a possible singular fiber over a point x ∈ X p only when 
such that B i andB i are fiber spaces over Y andŶ respectively as described above satisfying all the conclusions, which is a contradiction.
Remark 2.5.
(1) In Lemma 2.4, the Alexandrov space X containing X p is not necessary uniquely determined. For simplicity, we put
If dim X i = 2, then there exists a local S 1 -action ψ i on B i such that
For each j ∈ {1, 2}, let I j denote the set of all i with dim X i = j, and consider Proof. Suppose that B i ∩ B j is nonempty for two domains B i , B j with i, j ∈ I 1 . In the proof below, we may assume that B i ⊂ B j and B j ⊂ B i . By Lemma 2.4, B i and B j are homeomorphic to one of the spaces in Case (A) there. Furthermore it follows from Lemma 2.4 (3) that B i ∪ B j is close to a closed interval with respect to the Gromov-Hausdorff distance. Let d p i be the distance function from p i , where p i is the reference point of B i . Let F denote S 2 or T 2 . B i and B j have (possibly singular) F -fiber structures over I. As was shown in [9] , the d p i -flow curves (or the d p j -flow curves) are transversal to the F -fibers on
which implies the conclusion of the lemma.
From now on, we assume U 1 = M and consider U 2 .
Lemma 3.2. There exists a local S 1 -action defined on a small perturbation, say U 2 , of U 2 .
In the sequel, for a closed domain A of M we denote by A a small perturbation of A. d M H denotes the Hausdorff distance in M.
For the proof of Lemma 3.2, it suffices to prove Assertion 3.3. For every i 1 , . . . , i k above, there exist a local S 1 -action ψ i 1 ,...,i k on B i 1 ,...,i k and a topological two-manifold X i 1 ,...,i k with the orbit projection π i 1 ,...,i k :
(2) B i 1 ,...,i k is a manifold with boundary, and d M H (B i 1 ,...,i k , B i 1 ,...,i k ) < ℓσ/Q, where ℓ − 1 denotes the maximal number of B i j 's, 1 ≤ j ≤ k − 1, such that ∩B i j meets B i k , and σ is the universal positive constant given in Case (B) of Lemma 2.4;
(3) each orbit of ψ i 1 ,...,i k has diameter < τ (ǫ); (4) there are no singular orbits of ψ i 1 ,...,i k over ∂X i 1 ,...,i k −∂ * X i 1 ,...,i k , where ∂ * X i 1 ,...,i k is defined as in (2.1).
Proof. We prove it by induction. Assertion 3.3 certainly holds for k = 1 by Lemma 2.4. Assume that a local S 1 -action ψ i 1 ,...,i k−1 on B i 1 ,...,i k−1 satisfying Assertion 3.3 has been constructed. For simplicity, we set
We shall carry out a gluing procedure on each component, say C, of B ∩ B ′ . ∂ * X and ∂ * X ′ are defined as in (2.1). In the argument below, we may assume that B ⊂ B ′ and B ′ ⊂ B.
First consider
Case (A) ∂ * X and ∂ * X ′ are empty, and ∂B does not meet ∂B ′ on C.
Since both ∂ * X and ∂ * X ′ are empty, ∂B and ∂B ′ are S 1 -bundles over ∂X and ∂X ′ respectively. It follows that each component of ∂C is a torus. Note that although π(C ∩ ∂B ′ ) might be topologically complicated, it is close to circles π ′ (C ∩ ∂B ′ ) in the Gromov-Hausdorff sense. This follows from the condition (3) for ψ. From Case (B) (c) (ii), (iii) of Lemma 2.4, by slightly changing B ′ if necessary, we can take a thin neighborhood N of π(C ∩ ∂B ′ ) in X such that (1) N is homeomorphic to a disjoint union of finitely many copies of S 1 × I;
Let S denote the union of the components of ∂N not intersecting π(C). Let W be the domain bounded by π −1 (S) and ∂B ′ ∩ ∂C, and let W 1 be any component of W . Proof. By Case (B) (c) (ii) of Lemma 2.4, ψ ′ certainly has no singular orbits on W . Suppose that there is a singular orbit of ψ over a point x 0 ∈ π(W ). Let A be a small disk domain of x 0 in X such that π −1 (A) is a fibered solid torus. Take a disk domain A ′ in X ′ such that π −1 (x 0 ) ⊂ (π ′ ) −1 (A ′ ) ⊂ π −1 (A). It is easily checked that W * := π −1 (A) − (π ′ ) −1 (int A ′ ) is homeomorphic to T 2 × I (compare with the discussion in Claim 3.5 below). The fibration theorem in [9] implies that the ψ-orbits on π −1 (∂A) ≃ T 2 × 0 are isotopic to the ψ ′ -orbits on π −1 (∂A ′ ) ≃ T 2 × 1. Hence we can extend the two actions to an S 1 -action on W * . It turns out that the ψ-action on π −1 (∂A) extends to a free S 1 action on π −1 (A), which is impossible.
Proof. Note that the two components of ∂W 1 are defined by the different actions ψ and ψ ′ respectively. Take closed domains V 1 , V 2 and W 2 such that
(2) V 1 (resp. W 1 ) is a deformation retract of V 2 (resp. of W 2 ) and
For the construction of V 1 and V 2 , use ψ ′ -orbits. W 2 can be constructed similarly to W 1 . Since the inclusion homomorphisms π 1 (V 1 ) → π 1 (V 2 ) and π 1 (W 1 ) → π 1 (W 2 ) are isomorphisms, it follows that π 1 (W 1 ) ≃ Z 2 .
Applying [8] , we conclude that W 1 is homeomorphic to T 2 × I.
Let L 0 := ∂W 1 ∩ π −1 (S) and L 1 := ∂W 1 ∩ ∂B ′ be the two torus components of ∂W 1 . In a way similar to the proof of Claim 3.4, we see that the S 1 -action ψ restricted to L 0 is isotopic in W 1 to the S 1 -action ψ ′ restricted to L 1 . Therefore we can extend the two actions to an S 1 -action, say ψ ′′ , on W 1 . An actual construction of such a ψ ′′ all of whose orbits have diameter < τ (ǫ) may be straightforward. But for the sake of readers' convenience, we shortly describe it below.
Let ϕ : T 2 × [0, 1] → W 1 be a homeomorphism. Take circles C 1 j in L j , j = 0, 1, such that each circle-fiber of ψ (resp. of ψ ′ ) meets C 1 0 (resp. C 1 1 ) at exactly one point. Choose an annulus E in W 1 together with a homeomorphism h : 1] . Let us take a fine triangulation T of E. First for each vertex v of T take a small simple loop ℓ v at v in such a way that
Then for each edge e of T with {v 0 , v 1 } := ∂e, join ℓ v 0 and ℓ v 1 by a thin annulus A e along e in such a way that (1) A e 1 and A e 2 meet only at the common boundary circle whenever e 1 is adjacent to e 2 ; (2) A e consists of the ψ-orbits (resp. ψ ′ -orbits) through e if e ⊂ E 0 (resp. if e ⊂ E 1 ).
For each 2-simplex △ of T , the thin torus T 2 △ along the boundary ∂△ defined above bounds a solid torus D, and the circle-fiber structure on T 2 △ extends to a circle-fiber structure on D with no singular fibers. This is the construction of ψ ′′ .
Case (B) ∂ * X and ∂ * X ′ are empty, and ∂B meets ∂B ′ on C.
Choose arcs I * ⊂ ∂X ′ contained in the interior of π ′ (C ∩ ∂B ′ ) in ∂X ′ which approximates π ′ (C ∩ ∂B ′ ). Note that π(C ∩ ∂B ′ ) is close to arcs π ′ (C ∩ ∂B ′ ) in the Gromov-Hausdorff sense. In the same manner as in Case (A), take a thin closed neighborhood N of π(C ∩ ∂B ′ ) in X such that (1) N is homeomorphic to a disjoint union of finitely many copies of I 2 ;
Let J be the union of components of the closure of ∂N ∩ int X not meeting π(C). We connect each S 1 -orbit of ∂(π ′ ) −1 (I * ) to the corresponding S 1 -orbit of ∂π −1 (J) via thin annuli, denoted by A, in π −1 (N). Each component T 1 of the union of (π ′ ) −1 (I * ), A and π −1 (J) is a torus and bounds a closed domain D in π −1 (N). Using inclusion homomorphisms, one can easily check that π 1 (D) ≃ Z in a way similar to the proof of Claim 3.5. Applying [8] , we conclude that D is homeomorphic to D 2 × S 1 . It follows from the same manner as in Case (A) that the S 1 -action on T 1 defined by ψ, ψ ′ and their extension extends to a trivial S 1 -bundle structure on D. Furthermore we may assume that all circle fibers of the extended S 1 -bundle have diameter < τ (ǫ).
In the case when exactly one of ∂ * X and ∂ * X ′ is empty, one can proceed the gluing procedure in the same way as Cases (A) and (B). So the remaining case is Case (C) Both ∂ * X and ∂ * X ′ are nonempty.
From the argument of Cases (A) and (B), we may assume the component C of B ∩ B ′ satisfies that both π(C) ∩ ∂ * X and π ′ (C) ∩ ∂ * X ′ are nonempty. We can proceed with an argument similar to Case (B). Take I * , N and J as in Case (B). In the present case, each component of π −1 (N) is homeomorphic to D 2 × I. Connect ∂(π ′ ) −1 (I * ) to ∂π −1 (J) via thin annuli denoted A. Each component S 1 of the union of (π ′ ) −1 (I * ), A and π −1 (J) is a sphere and bounds a closed domain D. Using the argument in Case (B) and the generalized Schoenflies theorem ([1]), we conclude that D is homeomorphic to D 2 × I.
It follows from the same manner as in Case (A) that the S 1 -action on S 1 defined by ψ, ψ ′ and their extension extends to an S 1 -action on D. Furthermore we may assume that all the orbits of the extended S 1 -action have diameter < τ (ǫ).
From the gluing constructions in Cases (A), (B) and (C), we obtain B i 1 ,...,i k and a local S 1 -action ψ i 1 ,...,i k on it satisfying the conclusion of the assertion. This completes the proof of Assertion 3.3.
Proof of Theorem 1.1. From the gluing procedure in Cases (A), (B) and (C) above together with Lemma 3.1, each component of ∂U 2 is homeomorphic to S 2 or T 2 . We denote byÛ 1 the closure of M − U 2 . ObserveÛ 1 ≃ U 1 . Since every orientation preserving homeomorphism of S 2 is isotopic to the identity, for each component L of ∂U 2 homeomorphic to S 2 , one of the following holds:
(1) There exists a component W 1 (L) ofÛ 1 homeomorphic to either D 3 or P 2× I such that ∂W 1 (L) = L; (2) There exists a component W 2 (L) ofÛ 1 homeomorphic to S 2 × I such that one of the components of W 2 (L) coincides with L and the other is another component of ∂U 2 .
Now consider the union
where L runs over all the components of ∂U 2 homeomorphic to S 2 .
Obviously the local S 1 action on U 2 extends to a local S 1 -action on V . Note that each component of ∂V is homeomorphic to T 2 . From construction, for each component L of ∂V , one of the following holds:
(a) There exists a componentŴ 1 (L) ofÛ 1 homeomorphic to either S 1 × D 2 or K 2× I such that ∂Ŵ 1 (L) = L; (b) There exists a componentŴ 2 (L) ofÛ 1 homeomorphic to T 2 × I such that one of the components ofŴ 2 (L) coincides with L and the other is another component of ∂V . In view of Lemma 2.2, (a) and (b) above, M is a graph manifold. This completes the proof of Theorem 1.1.
